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This document contains information for constitutive_kalidinditwin.f90 which is designed for HCP crys-
tal. State variables in constitutive_kalidinditwin are “slip resistance (sα)”, ”twin resistance

(
sβ

)
”, “cumu-

lative shear strain (γα)”, and “twin volume fraction
(
fβ

)
”. Superscript α and β denote to 24 slip and

24 twin systems, respectively, in this entire document. Slip system has four different families (i.e., basal,
prism, pyr <a> and pyr <c+a>), and twin system has four diffrent families (i.e., 2 tensile twins and 2
compressive twins). Table 1 lists slip/twin systems implemented in the subroutine.

No. of slip system
slip system basal {0001} 〈12̄10〉 3

prism {101̄0} 〈12̄10〉 3
pyr <a> {101̄1} 〈12̄10〉 6

pyr <c+a> {101̄1} 〈21̄1̄3〉 12
twin system tensile (T1) {101̄2} 〈1̄011〉 6

compressive (C1) {112̄2} 〈112̄3̄〉 6
tensile (T2) {112̄1} 〈1̄1̄26〉 6

compressive (C1) {101̄1} 〈101̄2̄〉 6

Table 1: Implemented deformation mechanims in α-Ti
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may be explain how the reference shear of twin systems is calculated in dependence f the c/a ratio.

Another goodie would be vector images (Illustrator) of the different slip and twin families shown within the ideal hcp unit cell. We already discussed this need at MSU and consider it rather urgent...
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There is most likely no need to invent a new subroutine. We can adapt the current implementation of "phenomenological", rename it to the more specific "phenoPowerlaw", and introduce another descriptive array into lattice which characterizes (indexes) the slip and twin families for all three crystal structures (i.e. one slip family in fcc, 4 families in hex). Then the material.config parameters would be arrays as long as the crystal system family multiplicity requires.



1 Kinetics

Shear strain rate due to slip is described by following eqation [1, 2]:

γ̇α = γ̇o

∣∣∣∣
τα

sα

∣∣∣∣
n

sign (τα) (1)

, where γ̇α; shear strain rate, γ̇o; reference shear strain rate, τα; resolved shear stress on the slip system,
n; hardening coefficient, and sα; slip resistance.

Twin volume fraction rate is described by following eqation [1, 2]:

ḟβ =
γ̇o

γβ

∣∣∣∣
τβ

sβ
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n

H
(
τβ

)
(2)

, where ḟβ ; twin volume fraction rate, γ̇o; reference shear strain rate, γβ ;shear strain due to twin, τβ ;
resolved shear stress on the twin system, and sβ ; twin resistance. H is Heaviside function.

2 Structure Evolution

In this present section, we attempt to show how we establish the relationship between the evolutoin of
slip/twin resistance and the evolution of shear strain/twin volume fraction.

2.1 Interaction matrix.

Conceptual relationship between the evolution of state and kinetic variables is shown in Equation 3.
[

ṡα

ṡβ

]

48×1

= M48×48

[
γ̇α

ḟβ

]

1×48

(3)

M48×48 consists of four interaction type matrices; i) slip-slip interaction type matrix (Mslip−slip), ii)
slip-twin interaction type matrix (Mslip−twin), iii) twin-slip interaction type matrix (Mtwin−slip), and iv)
twin-twin interaction type matrix (Mtwin−twin). Each interaction type matrix is 24× 24 martix.

M48×48 =

[
Mslip−slip Mslip−twin

Mtwin−slip Mtwin−twin

]
(4)

Detailed interaction type matrices in Equation 4 will be further discussed in the following Section.

2.2 Interaction type

Following sections are sparated into four based on each interaction type matrix alluded. Numbers in Tables
2, 3, 4, and 5 denote the type of interaction between deformation systems (The first column vs. The first
row).
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"n" is NOT the hardening coefficient but the "stress exponent"
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due to mechanical twinning
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directly use this representation in Eq (3)
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this is also a 48x1 vector. However, I think it is not necessary to specify this explicitly here...
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use \ mathrm{slip} to indicate label



2.2.1 Slip-Slip interaction type

• There are 11 types of slip-slip interaction as shown in Table 2. “1” in not included here, since ”1” is
used for self-hardening for each slip system.

• In Table 2, types of latent hardening among slip systems are listed.

• Actual slip-slip interaction matrix, Mslip−slip, is listed in Equation 5.

basal prism pyr <a> pyr<c+a>
basal 2 6 7 8
prism 3 9 10

pyr <a> 4 11
pyra

<c+a> 5

Table 2: Slip-slip interaction type

Mslip−slip =





1 2 2 · · · · · · · · · · · · · · · · · · · · ·
1 2 · 6 · · · 7 · · · · · · · · 8 · · · · · ·

1 · · · · · · · · · · · · · · · · · · · · ·
1 3 3 · · · · · · · · · · · · · · · · · ·

1 3 · · 9 · · · · · · · · 10 · · · · · ·
1 · · · · · · · · · · · · · · · · · ·

1 4 4 4 4 4 · · · · · · · · · · · ·
1 4 4 4 4 · · · · · · · · · · · ·

1 4 4 4 · · · · · 11 · · · · · ·
1 4 4 · · · · · · · · · · · ·

1 4 · · · · · · · · · · · ·
1 · · · · · · · · · · · ·

1 5 5 5 5 5 5 5 5 5 5 5
1 5 5 5 5 5 5 5 5 5 5

1 5 5 5 5 5 5 5 5 5
1 5 5 5 5 5 5 5 5

1 5 5 5 5 5 5 5
1 5 5 5 5 5 5

1 5 5 5 5 5
1 5 5 5 5

1 5 5 5
1 5 5

1 5
1





(5)
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latent interaction



2.2.2 Slip-Twin interaction type

• There are 16 types of slip-twin interaction in Table 3.

• Meaning of T1, C1, T2, C2 is listed in Table 1.

• Actual slip-twin interaction matrix, Mslip−twin, is listed in Equation 6.

T1 C1 T2 C1
basal 1 2 3 4
prism 5 6 7 8

pyr <a> 9 10 11 12
pyra

<c+a> 13 14 15 16

Table 3: Slip-twin interaction type

Mslip−twin =





1 2 3 4
5 6 7 8
9 10 11 12
13 14 15 16




(6)

2.2.3 Twin-Slip interaction type

• There 16 types of twin-slip interaction in Table 4.

• Meaning of T1, C1, T2, C2 is listed in Table 1.

• Actual twin-slip interaction matrix, Mtwin−slip, is listed in Equation 7.

basal prism pyr <a> pyr
<c+a>

T1 1 2 3 4
C1 5 6 7 8
T2 9 10 11 12
C2 13 14 15 16

Table 4: Twin-slip interaction type

Mtwin−slip =





1 2 3 4
5 6 7 8
9 10 11 12
13 14 15 16




(7)
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typo
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I would transpose this to have the families of slip which influence twin resistance as a block.



2.2.4 Twin-twin interaction type

• There are 11 types of twin-twin interaction as shown in Table 5. “1” in not included here, since ”1”
is used for self-hardening for each twin system.

• In Table 5, types of latent hardening among twin systems are listed.

• Actual twin-twin interaction marix, Mtwin−twin, is listed in Equation 8.

T1 C1 T2 C2
T1 2 6 7 8
C1 3 9 10
T2 4 11
C2 5

Table 5: Twin-twin interaction type

Mtwin−twin =





1 2 2 2 2 2 · · · · · · · · · · · · · · · · · ·
1 2 2 2 2 · · · · · · · · · · · · · · · · · ·

1 2 2 2 · · · · · · · · · · · · · · · · · ·
1 2 2 · · · 6 · · · · · 7 · · · · · 8 · ·

1 2 · · · · · · · · · · · · · · · · · ·
1 · · · · · · · · · · · · · · · · · ·

1 3 3 3 3 3 · · · · · · · · · · · ·
1 3 3 3 3 · · · · · · · · · · · ·

1 3 3 3 · · · · · · · · · · · ·
1 3 3 · · · 9 · · · · · 10 · ·

1 3 · · · · · · · · · · · ·
1 · · · · · · · · · · · ·

1 4 4 4 4 4 · · · · · ·
1 4 4 4 4 · · · · · ·

1 4 4 4 · · · · · ·
1 4 4 · · · 11 · ·

1 4 · · · · · ·
1 · · · · · ·

1 5 5 5 5 5
1 5 5 5 5

1 5 5 5
1 5 5

1 5
1





(8)
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2.3 Prefactor (nonlinear factor)

2.3.1 Prefactors for slip resistance (sα); Mslip−slip and Mslip−twin [2]

Mslip−slip and Mslip−twin use for slip resistance evolution (ṡα). Equation 9 is for a slip resistance rate
evolution. This currently shows the prefactor for slip-slip interaction matrix, Mslip−slip.

[ṡα]24×1 = hα
s

(
1− sα

sα
s

)
Mslip−slip [γ̇α]1×24 or ṡα = hα

s

(
1− sα

sα
s

) NS∑

l

γ̇l (9)

, where hα
s and Sα

s represent hardening rate and saturation slip resistance for slip system, respectively.
NS is the total number of slip system, 24. hα

s and Sα
s depend on total twin volume fraction as describing in

Equations 10 and 11, respectively. Thus, deformation twin and slip interaction is indirectly implemented
in Equation 9.

hα
s =






hbas
so

(
1 + C

(∑
β fβ

)b
)

if α ∈ basal

hpri
so

(
1 + C

(∑
β fβ

)b
)

if α ∈ prism

hpyr<a>
so

(
1 + C

(∑
β fβ

)b
)

if α ∈ pyr < a >

hpyr<c+a>
so

(
1 + C

(∑
β fβ

)b
)

if α ∈ pyr < c + a >

(10)

, where hα
so presents the hardeing rate without twin volume fraction (i.e.,

(∑
β fβ = 0

)
, and b is exponent

to control the effect of twin volume fraction on the hardening rate. C is coefficient for twin effect.

sα
s =






sbas
so + spr

(∑
β fβ

)0.5
if α ∈ basal

spri
so + spr

(∑
β fβ

)0.5
if α ∈ prism

spyr<a>
so + spr

(∑
β fβ

)0.5
if α ∈ pyr < a >

spyr<c+a>
so + spr

(∑
β fβ

)0.5
if α ∈ pyr < c + a >

(11)

, where sα
so presents the saturation slip resistance without twin volume fraction (i.e.,

(∑
β fβ = 0

)
, and

spr is coefficient.
Slip-twin interaction matrix, Mslip−twin, has not been implemented with any prefactor yet. We need to

decide whether Equations 10 and 11 remove from the current subroutine or not. Current way to implement
the nonlinear factor for the effet of twin on ṡα is intertwined with Equation 9, so that it is hard to sperate
from it. Either we do not use Mslip−twin or we need to provide additional prefactor for Mslip−twin without
using Equations 10 and 11.
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2.3.2 Prefactors for twin resistance
(
sβ

)
; Mtwin−slip and Mtwin−twin [1]

Mtwin−slip and Mtwin−twin use for twin resistance evolution
(
ṡβ

)
. The first part in Equation 12 (ṡβ

twin−twin)
is twin-twin interaction contribution to twin resistance evolution, and the second part in Equation 12(ṡβ

twin−slip)
is twin-slip interaction contribution to twin resistance evolution. Equations for each contribution is listed
in Equations 13 and 14.

ṡβ = ṡβ
twin−twin + ṡβ

twin−slip (12)

[
ṡβ
twin−twin

]

24×1
= htw

(
∑

m

fm

)d

Mtwin−twin

[
γβfβ

]

1×24
or ṡβ

twin−twin = htw

(
∑

m

fm

)d ∑

k

γkḟk

(13)
,where htw and d are coefficients for twin-twin contribution. γβ is shear strain for each twin system.

[
ṡβ
twin−slip

]

24×1
= htw−sl

(
∑

α

γα

)e

Mtwin−slip [γ̇α]1×24 or ṡβ
twin−slip = htw−sl

(
∑

α

γα

)e ∑

k

γ̇k (14)

,where htw−sl and e are coefficients for twin-slip contribution.
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3 Material Parameters (Material Configuration file)

Figure 1: Example of phenomenological modelling parameters.

• The sequence for latent hardening coefficients in Figure 1 (I need to implement this part if we agree
to do this way.)

– SlipSlip_hardening_coefficients (11 types); interacting between pairs listed below

∗ self-hardening, basal-basal, prism-prism, pyr<a>-pyr<a>, pyr<c+a>-pyr<c+a>, basal-
prism, basal-pyr<a>, basal-pyr<c+a>, prism-pyr<a>, prism-pyr<c+a>

– SlipTwin_hardening_coefficients (16 types) and TwinSlip_hardening_coefficients (16 types);
the sequence is the same as numbering in Tables 3 and 4. Numbers are 1 to 16.
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– TwinTwin_hardening_coefficients (11 types); interacting between pairs listed below

∗ self-hardening, T1-T1, C1-C1, T2-T2, C2-C2, T1-C1, T1-T2, T1-C2, C1-T2, C1-C2, T2-C1
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